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Resumen
En la presente investigacion se establecen algunas relaciones de subordinacion para funciones analiticas
pertenecientes a las clases K() (a,a,b) y K1 (a,a,b), aplicando el método de subordinacion diferencial de Briot-

Bouquet. De lo resultados principales se discuten algunos casos especiales.

Palabras clave: Funciones analiticas, subordinaciones, subordinaciones diferenciales.

Some results on Briot-Bouquet differential
subordination of analytic functions

Abstract
In the present investigation some subordination relations for functions belonging to the classes K (a,a,b)

and K1 (a,a,b) are established by applying the method of Briot-Bouquet differential subordination. Some special

cases of the main results are discussed.
Key words: Analytic functions, subordinations, Differential subordinations.
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Introduction and definitions
Let Abe the class of analytic functions f* defined as

f(z)=z+ Z akzk ,
k=2

in the open unit disc D .= {z eC: |<1 }

(1)

Afunction f* € A issaid to bein the class S S (a) of starlike functions of complex order a (a e C \{0})
in D if and only if

1G) Lo ana w117 E) ) (zeD;aeCl{0). (2
z al f(2)

A function f € 4is said to be in the class K, (a) of convex functions of complex order
a(aeC\{0})in D if and only if

S Lo w127 (zeDsae
=20 dg{laf'(z)JO( D;aeC\{0}). (3)

This evidently leads to a conclusion that f(z)e K, (a) < z/'(z)e Syla).

A subclass denoted by S ; (a)contains the functions f € A satisfying the following inequality:

#'(z)
HENe

It can be noted that S (a)is a subclass of K (a).

< ‘a‘ (z eD;aeC) {O}). “4)

Furthermore, K, (a) denotes a subclass of functions f € A4 satisfying the following inequality:

L(Z)<a S cac
Foy| <l Eeprasciio), (5)

We observe that K (a) is a subclass of K, (a) and

ek (@) <= zf(z)e ) (zeD;aeC{0}).
Ifweset a=1-a (0<a <1), we get
So(l-a)=8*(a)and K, (1-a)= K(a), (6)
Where S* (a) and K (a) denote familiar classes of starlike and convex functions of a real order ¢ in D.

The classes SS (a) and K|, (a)of starlike and convex functions of a complex order a in D were in-
troduced and investigated earlier by Nasr and Aouf [6] and Wiatrowski [10] and many others. Their sub-
classes Sl* (a)and K, (a)were studied by (among others) Choi [1] and Lashin [4]. Recently, Srivastava
and Lashin [9] studied the starlike and convex functions of complex order. Frasin and Darus [3] have
defined a class B( & ) and investigated some interesting properties for this class. Siregar et al. [7] studied
a subclass B : (Ol ) of the class 4 and derived some subordination and superordination relations.

We now define for 0<a <1, b e N following subclasses of A4
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s Lo 2rE) 7 () .
Ko(a,a,b)—{fe/l. ER{[I a( ) 1)] a[f'(z) [f(z) bn} ; D}
(aeC1{0})

and

K, (cx,a,b):{f e 4:

(7

( e R Ce 1]}

It is interesting to note that,

<lafl-a) zeD } aeC1{o} (8)

Ky (0,a1)=Kgy(a) » Ki(0,a1)=Ki(a), and Ko(0.1-a1)=K(a); 0<a<l. )
Ky(a.a,2)=B,(a'), Ko(a-a'a2)=B,, where a’zﬂ%(a—1+lj, (10)
a

here K (a) and K (a) are defined by (3) and (5), and B; and B; (a) are subclasses investigated in
[8]. It is interesting to note the following

o <ap  then Ko(as,a.b) = Ky(ey,ab) (11)

also fekK (aab) = [feKy(aab)

In the present work, we investigate certain relations of subordination for analytic functions be-
longing to the newly defined classes. The method of Briot-Bouquet differential subordination is used to
derive the results.

We shall need the following definitions:

Definition 1. Let the functions f(z) and g(z) be analytic in D. The function f'(z) is said to be sub-
ordinate to the function g(z), written symbolically as

f@) =g (2€D),
if there exists a function w(z) analytic in D with
w(0)=0and jw(z)| <1 (2€D),
such that f@)=gw(), (2€D)
Furthermore, if the function g(z) is univalent in D then

f(2) < g2 (z € D) < f(0)=g(0)and f(D) < g(D).

Definition 2. Let ¢ C 2 5C bean analytic function and let /(z) be univalent in D. If p(z) is
analytic in D, then p (z) is called a solution of the differential subordination, when it satisfies the differ-
ential subordination

(o(p(z),zp’(z))< h(z) (zeD). (12)

Definition 3. A univalent function ¢ (z) is called a dominant of the solutions of the differential
subordination (12), if
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p2) < q(2) (zeD), (13)
for all functions p(z) satisfying the subordination (12).
Moreover, if q (Z )< q (Z ) (zeD),

for all dominants of (13), then we say that ¢ (Z) is the best dominant of (13).

Preliminaries

We first mention the known results required in the present study.
Lemmal. Let the function w (z) be analytic and convex in D, then the function defined as
h(z)=z+w(z) (14)

1s also convex in D.

Lemma?2. ( cf. [S], p. 17 et seq. ) Let the functions f'(z) and g (z) be analytic in the unit disk D
and let

1(0) = g(0).
If the function H (z) := z g'(2) is starlike in D and

()= ),

then .
1)< 2)=50)+] s 5
0

The function g (z) is convex and is the best dominant in (15).

Lemma3. ([2]) Let £ and ¥ be complex constants. Also let the function /( z) be convex (uni-
valent) in D with

h(0)=1and R(Bh(z)+y)>0, zeD.
Suppose that the function
p(z):1+plz +p222+... ,
is analytic in D and satisfies the following differential subordination:
o)+ ) 16)
)+
If the differential equation:
7q'(2)
q(z)+—————=h(z) q(0):=1), (17)
Ba(z)+r ( )
has a univalent solution ¢(z), then
P(2) < q(2) < h(z)
and ¢(z) is the best dominant in (17) .
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Remarkl1. The conclusion of Lemma 3 can be written in the following form:

PG, w5

)y ! ) pa)+y Pl 4z)

plz)+

Remark2. The solution of the differential equation (17) is given by

() _per(HE p
q(z)— F(Z) = B (F(Z)j 8 (,3 O),

1

where F(z)= (ﬂ;yj HW ! dr}ﬂ

and H(Z) =z exp[j; h(rz_ldt}

Main Subordination Results
Theoreml. Let f (Z ) € Aand h(z) be a convex univalent function in D such that

h(0)=1 and R(ah(z)+(1-a))>0; zeD: aeC o).

(a) If
+l zbf'(z)_ +l zf”(z)_ Zf’(z)_ < Bz i (18)
g a[mz) IN a[mz) G ID ") (beN)
then .
1+%[zf{é§)—q < (=), (19)

O SRl I OB
z
has a univalent solution ¢(z), then
( 1+1[M_1\J
al 1"(2)
)

55

A

_1] = (=) < A(z) (20)

= 1+

a
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and ¢(z) is the best dominant in (20).

Proof. Let 1+— [sz((z)) j = p(z), (21)

so that p(z) has the following expansion:

p(z)=14piz +pyz+... . (22)

Logarithmic differentiation of (21) gives

O, () RIEACIRIEACINEACS
P i) [mz) J a[f’(z) b[ 7 B

Thus (18) is expressed in subordination form as follows

\zZ )+ P (Z) < nmz
PO -

In view of Lemma 3 if [ and y are replaced by @ and (1- a ) respectively, the conclusions of the
theorem immediately follow. This completes the proof.

Remark3. If we take » = 1 and @ = 0 then the above result reduces to Theorem 1 obtained in [9].

Setting b = 2 and considering the subclass given in (10) then the above result reduces to Theorem
3.1 obtained in [7].

Our second assertion is as follows:
Theorem2. Let f(z)e K, (a,a,b) then for R(l+a(l-a)z)>0 ze D. |a|£l; a#0,

1%(2;{—;52))—1} < 4(2), @3)

where ¢(z) is the best dominant given by

(1 0!) a(l a)z

1
qlz)=1-—+ (e0=7 1) (24)

Proof. When f(z) ek, (a,a,b) , then from (8) we get

(-2 Z48) )4 2o (25 -

In other words

(457G )

<(l—0(), zeD.

Q |~

7(z) [ #(=) li(l—a)z. ze
[f,(z) [f() D +(—a)z, zeD. (25
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In Theorem 1 if we take
h(z):1+(l—a)z (ZGD)

and assume that
R(ah(z)+(1-a)) >0+ |d|<l. a =0,

then by applying Lemma 3 and Remark 2, solution of the differential subordination (25) is given by the
relation (23), where ¢g(z) is calculated as below

- 1) 1=

F(Z) a
for H(z)= 2 Gl-a): and
I
O~ e

This completes the proof of the theorem.

Remark4. If wetake b = 1 and @ = () then the above result reduces to Theorem 2 obtained in [9].

If we set b =2 in our Theorem 2 then it reduces to the following:

Corollaryl. Let f(z)eK, («,a,2) thenfor R(l+a(l-a)z)>0:a#0°z€D:

sz'(z) . (l—a)zea(]w)z .
afz (Z) (ea(l—a)z _ 1)

In Theorem 2 when o =1and =0 we get:

Corollary2. Let f(z)eK, (0,1,6) then for z€ D,

(26)

ze”
(e-1)

Further, taking b=1 and simplifying the subordination result with the help of the Lemma 1 and 2,
we obtain:

where ¢ (z) is the best dominant given by q(z) =

Corollary3. Let f(z)eK; (0,1,1) then for z€ D,

f(z)= (ez —1). (27)
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Proof. Since f (Z) ek, (0,1,1) , then from Corollary2

2fz)
f (2) (ez—l)

the above relation can be re expressed as
z(G' (Z) < ZH'(Z),
where G(z)=log f(z) and H(z) = log(ez —1).

It is well known that the Bernoulli function 4 (z) = is an analytic and convex function in

z_
D (c.f [5] Theorem A3, pp.417) thus with the help of Lerflma 1l), it is deduced that zH ’(z): Zzezl ,18
a starlike function. Applying the Lemma?2, we obtain )
G(Z) < H (Z)
This evidently leads to the assertion (27).

From Corollary3, and relations (6), (8) and (9) we deduce for & = 0 that

#'(z)
e

< (1),

Corollary4. Let f (z) eS*. If <1, for zeD. then

Remark5S. If we consider the result ( [8], Theoreml, p. 203), it can easily be deduced that,

if f(z)eS,(a), aeC\{0} , then
@),
)< -

z
1
provided that b#0 and |ab| <1 and the function ————-is the best dominant of the subordina-
tion (28). (l—z
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