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Resumen

El trabajo trata con una nueva generalización de funciones analíticas. Se deducen algunas representa-
ciones integrales de las x k le x ya  -  funciones de onda ( , , , 0k l consta − > ) y sus fórmulas de inversión. 
Como una aplicación de la teoría se formulan dos problemas y se resuelven estos en forma cerrada.

Palabras clave: Funciones analíticas, funciones de onda. 

Integral representation of x k le x ya  –
wave functions

                                                                   
Abstract

The paper deals with a new generalization of analytical functions. Some integral representations 
of x k le x ya  - wave functions ( , , , 0k l consta − > ), their inversion formulas are derived. As an applica-
tion of the theory two problems are formulated and solved in the closed form.

Key words: Analytical functions, wave functions.

 Introduction
The generalized analytical functions of complex variables appear as a natural and rational general-

ization of analytical functions.

Picard [1], Beltrami [2], Vekya [3,4], Polozi [5], Manjavidze [6], and others have obtained many 
important results in the generalization of the theory of analytical functions of elliptic type and their ap-
plications. For example, Polozij [5] introduced the  analytical functions, using the system:

0,

0,
x y y

x y x

pu qu
qu pu

υ

υ

− − =
 + + =

                                                        (1)

where p and q are the given real functions of x and y.
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Later on the p – analytical and (p,q) – analytical functions found number of applications in different 
branches of the mathematics, mechanics etc… (axial symmetric theory of elasticity, in the theory of the 
filtration, solution of the boundary value problems of the theory of rotating covers).

In this paper we study the p-wave functions ( )f z u iυ= +  as the solutions of the following system 
of the hyperbolic type:

,

,
x y

y x

pu
pu

υ

υ

=
 =

                                                                         
(2)

where ,  ( , ,  are positive constants).x k lp e x y k la a=   Some integral representations of p-wave functions and 
their inversion formulas are constructed.

 The p-wave functions describe the processes of mechanics, hydromechanics, the supersonic 
stream of gas, are useful for solving of the boundary value problems of the mathematical physics etc… 
Let us notice, that the p-wave functions with the characteristic k lp x y=   are connected with Euler – Pois-
son – Darboux equation with two degenerate lines.

Integral representations of the x k le x ya  -wave functions
Let G be the domain in the first quarter of the plane z = x + iy, bounded by the segments l1  and l2  

of the real and imaginary axis, respectively, and some curves which are monotone with respect to x and 
y. The rectilinear segments which are drowned from arbitrary point of the domain orthogonally to axis x 
and y, belong to the domain G.

Now we state and prove the following theorems related to integral representations of the p-wave 
functions.

Theorem 1.  If ( ) ( )1 2( ) , ,z x y i x yϕ ϕ ϕ= +   is the x ke ya  -wave function [7] in the domain G and
  

     2
2 ( , ) 0

l
x yϕ = , (3)

then the function

( ) 11 2 2 2
1 2

0

( ) ( , ) ( , ) ( , ) ( , )
x l

lf z u x y i x y y x i y x dυ ϕ ξ ϕ ξ ξ ξ ξ
−− = + = + − ∫                      (4)

will be ea x yk xl -wave function (k,l,a  are positive constants) in G, continuous to segment l2 and satisfies 
the condition

2
( , ) 0

l
x yυ = .                                                                    (5)

Proof. According to the conditions of the theorem the functions ( )1 ,x yϕ  and ( )2 ,x yϕ  satisfy to 
next system

(6)

1 2

1 2

,

.

x k

x k

e y
x y

e y
y x

a

a

ϕ ϕ

ϕ ϕ

∂ ∂
=

∂ ∂
∂ ∂

=
∂ ∂

 

 
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Let us show that for the function (4) the following relations are valid:

(7)
,

.

x k l

x k l

ue y x
x y
ue y x
y x

a

a

υ

υ

∂ ∂
=

∂ ∂
∂ ∂

=
∂ ∂





In reality:

1 12 2
1

0
( , )(1 ) ,

l

y xt y t dtϕ
−

−∫ 

  
  
Then we have:
 1

2
1 2

0
( , ) ( , )x k l x k l l

y x y xte y x u e y x xt y t x xt ya aυ ϕ ϕ − = − × ∫  

( )
1 112 1 2 22

2
0

1 ( , ) (1 ) .
ll

lt dt l x xt y t t dtϕ
−− −× − − −∫ 

Taking into account condition 2 0
( , ) 0

x
x yϕ

=
= , we get:

( )
1 12 2

1 2
0

( , ) ( , ) 1 .
l

x k l l x k
y x y xte y x u x e y xt y xt y t dta aυ ϕ ϕ

−
 − = − − ∫  

                        
(8)

Keeping in mind (6) we proved the second relation from (7). The validity of the first relation from 
(7) is proving analogously.

The validity of the condition (5) follows from the relation:

( ) ( )
1

1 12 2 22 2
2 2

0 0

( , ) ( , ) ( , ) 1 .
x l l

lx y y x d x xt y t t dtυ ξϕ ξ ξ ξ ϕ
− −

= − = −∫ ∫  

                        
(9)

Theorem 2. If ( ) ( , ) ( , )f z u x y i x yυ= +    is the x k le y xa  - wave function with (5) in the domain G, 
then the function

( ) ( )1 2( ) , ,z x y i x yϕ ϕ ϕ= +    will be the x ke ya  - wave function and have the following form: 

( ) ( )1 2( ) , ,z x y i x yϕ ϕ ϕ= +  
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ῦγ =

ῦx =
1 12 2

2
0

( , ) (1 ) .
l

l
x xt y x t t dt

x
υ ϕ

−∂
= −

∂ ∫ 
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( ) ( )

( ) ( )

( )

( )

1

20 2 2 2

1 2 2
0 2 2 2

1
2 2

( , )2

1
2 2

,1( ) , , ,     2 , ,
2( )

2 ( , )( , )
( 1)! ( ) ( )

m lx

m l m

mx

m l m

n n
l

n n

d u yd d
l l dx dm x

d yd d lz x y i x y i l n m
x dx d

x

d d x yx x u x y i
n dx dx

ξ ξ ξ ξ

ξ ξ

υ ξ ξ ξϕ ϕ ϕ
ξ

ξ

υ

−

−

−

−


    +    Γ Γ − + −       


  = + = + ≠ =   − 


  +  −

∫

∫




  


 ,    2 ,l n












  =  



(10)

and the condition (3) is valid.

Proof. According to (4) ( )1 ,x yϕ  and ( )2 ,x yϕ  are the solutions of the following equations, respec-
tively:

( ) 11 2 2 2
1

0

( , ) ( , ) ,
x l

lu x y x y x dϕ ξ ξ ξ
−−= −∫ 

                                                 
(11)

  
( ) 12 2 2

2
0

( , ) ( , ) .
x l

u x y y x dϕ ξ ξ ξ ξ
−

= −∫ 

                                                  
(12)

The equations (11), (12) are integral equations Abel’ type. The solutions of these equations give 
(10).

Let us show that the function ( ) ( )1 2( ) , ,z x y i x yϕ ϕ ϕ= +    are the x ke ya  - wave function.

Let us introduce the next designations:

  
1 2( , ) ,x k

x yh x y e ya ϕ ϕ= − 

 (13)
1 2( , ) ,x k

y xM x y e ya ϕ ϕ= − 

( , ) ,x k l
x yL x y e y x ua υ= − 

( , ) .x k l
y xM x y e y x ua υ= − 

  
  Then we can rewrite (1) in the following form:

                                   
(14)

( )2 2

0

( , ) ( , ) .
x

L x y h y xξ ξ ξ= −∫

                                          
(15)

The solutions of (14) and (15) have the following kind:
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ῦ

( ) 12 2 2

0

( , ) ( , ) ,
x l

M x y x M y x dξ ξ ξ ξ
−

= −∫ ( ) 12 2 2

0

( , ) ( , ) ,
x l

M x y x M y x dξ ξ ξ ξ
−

= −∫ ( ) 12 2 2

0

( , ) ( , ) ,
x l

M x y x M y x dξ ξ ξ ξ
−

= −∫

dξ.
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(16)

( ) ( ) ( )20 2 2 2

2

( , )2 1 ,  2 , ,
21

, 2 2
2 ( , ) ,    2 .

( 1)! ( )

mx

m l m

n

n

d L yd d ll n m
l l x dx dm xh x y

x d L x y l n
n dx

ξ ξ ξ

ξ ξ
−

      ≠ =       Γ Γ − + −   =     

 =
 −

∫




(17)

Because ( , ) 0,L x y =  ( , ) 0,M x y =  then, respectively, ( , ) 0,L x y =  ( , ) 0,M x y =  consequently, ( )zϕ    
is the x ke ya −  wave function. Let us show, that

2
2 ( , ) 0

l
x yϕ = .

i)   Let l = 2n. Using (10) we have:

1
12 1

0
( , ) ( 1)! ( , ) ,

( )

n x
l

n
d x u x y n y d

dx
ϕ ξ ξ−

−
  = −  ∫ 

1

2 2 1
1 1 ( , )( , ) .

( 1)! ( )

n

n
d x yx y

n x xdx
υϕ

−

−
∂ =  − ∂ 




Since ( ) ( ), ,u x y i x yυ+   is x k le y xa −  wave function, then we can rewrite the last relation in the 
form:

1
1

2 2 1
1( , )

( 1)! ( )

n
x k l

n
d ux y e y x

n ydx
aϕ

−
−

−

 ∂
= = − ∂ 




1
1

2 1( 1)! ( )

x k n
l

n
e y d x u
n y dx

a −
−

−
∂  =  − ∂



or:

  1
2

0

( , )( , ) ,
x

x k yx y e y d
y

a ϕ ξϕ ξ∂
=

∂∫




from here

2 0
( , ) 0

x
x yϕ

=
= .
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( ) 12 2 2

0

( , ) ( , ) ,
x l

M x y x M y x dξ ξ ξ ξ
−

= −∫ ( )
( ) ( )

1

20 2 2 2

1

2

( , )2 ,  2 , ,
21

2 2,

( , )2 ,    2 ;
( 1)! ( )

mx

m l m

n l

n

d M yd d ll n m
l l dx dm xM x y

d x M x yx l n
n dx

ξ ξ ξ ξ

ξ ξ

−

−

−

      ≠ =       Γ Γ − + −   =    
    = −

∫


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ii)   Let l ≠ 2n. From (11) we get:

( )
1

1 2 2 2
12 1

0
( , ) ( , ) 1 2 ... 1

2 2 2( )

lm x ml
m

d l l lx u x y y m x d
dx

ϕ ξ ξ ξ
− −−

−
      = − − − + −          

∫  .

According to (10) we have:

( )
( ) ( )

2 20 2 2 2

2 1 ( , ), ,  2 , .
21

2 2

mx

m l m

d d y d lx y l n m
l l x dx dm x

υ ξ ξ ξϕ
ξ ξ

−

 = ≠ =       Γ Γ − + −   
   

∫




 
Let us consider

 

( )
1 1

2 1 2 12

( , ) 1 1
2 2( ) ( )

m m m
k l

ym m m
d y d d e y u

d dd
aξυ ξ υ ξ

ξ ξ ξξ ξξ

− −

− −
   ∂

= = =   ∂   

 


( )
1 1

12

1 ( ) 1 1 2 ... 1
2 2 2 2 2

m l
k k

m
d u l l ly e y e m

y d
aξ aξξ

ξ

− −

−

 
∂      = = − − − + ×     ∂       



   

( )2 21 2

0

( , ) .
l my d

y

ξ ϕ t ξ t t
−∂

× −
∂∫


  
Now we transform ( )2 ,x yϕ :

( )
( )

( )2 21 2
2

0 02 2 2

1 2 ... 1
1 ( , )2 2 2, .

1
2 2

k
lx m

l m

l l ly m
d e d yx y d

l l x dx ym x

ξaξξ ξ ϕ tϕ ξ t t
ξ

−

−

    − − − +     ∂    = −
∂   Γ Γ − + −   

   

∫ ∫




Letting ,t xt ξ ξ η= =   we get:
 
  

( ) ( )
1

2 2 2 2
2

0

1 2 ... 1
2 2 2, 3 1

1
2 2

lmk x l m

l l l m
x y y x e d

l lm

a ηϕ η η η
−− +

    − − − +          = − ×       Γ Γ − +   
   

∫

( ) ( ) ( ) ( )
1 1 1

2 2 2 3 2 21 12 2 2

0 0 0

, ( , )1 1 1
l l lm m mx l mx t y x t yt dt x e d t dt

y y
a ηϕ η ϕ ηa η η η

− − −− + ∂ ∂
× − + − − +∂ ∂ 
∫ ∫ ∫

 

( )
1 1

2 2 3 2 22

0 0

1 2 ... 1
1 ( , )2 2 2 1

1
2 2

lmx l m

l l l m
x t yx e d k

l l y ym

aη ϕ ηη η η
−− +

    − − − +       ∂    + − − +  ∂    Γ Γ − +   
   

∫ ∫

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( )
2

22 2
2

( , ) 1 .
l mx tx t y e t t dt

y
a ηϕ η −− ∂

+ −  ∂  



  
  
Hence, 2 0

( , ) 0
x

x yϕ
=

= . The proof of the theorem is complete.

Definition. The function 0( , )u x y  will be called the real wave function in the domain G, if 2
0 ( )u C G∈  

and holds the equation:
2 2

0 0
2 2 0u u

x y
∂ ∂

− =
∂ ∂                                                                         

(18)

Let us remark the following connection between x ke ya −  wave functions and the wave function 
[3].

If 0( , )u x y  is an arbitrary real wave function in G with the condition

     

0
2

0

0
y

u
y =

∂
=

∂
 

(19)

then the integral representation of x ke ya −  wave functions has the next form:

( ) ( ) ( ) ( ) ( )
211 2 2 2 22 2

1 2 0 0 1
0

, , ( , ) ;
2 16

x ky
k kz x y i x y y e u x y F y d

a aϕ ϕ ϕ t t t t
− −−  

= + = − − − + 
 

∫  

( ) ( )
2

2 2 2 202 2
0 0 1

0

( , ) ( , ) 1;
2 2 16

x kyi u x ke u x F y y d
k x

a t a at t t t
 ∂ + − + − − −  ∂   

∫ , (20)

where 0 1( ; )F zν  is the partial case of the generalized hypergeometric function [8]

0 1
0

( ; ) ( )
( ) !

n

n

zF z
n n

ν ν
ν

∞

=
= Γ

Γ +
∑ .

 
The solution of the equation (20) with respect to 0( , )u x y   has the following form [9]:

2
0

0 0
( , ) 2( , ) ( , )

2 1
2 2

x
u x y eu x y i u x y

k kx m

a

a∂ + − = × ∂      Γ Γ − +   
                                                                        

(21)

( ) ( )
1 2

1 2 2 2 2 2
0 12

0

( , )
1;

2 16( )

m k ky m

m

d xd kF m y y d
dy d

t ϕ t a t t t t
t

−
−    × − + − − − + 

 
∫



( )
22

2 22
0 12

0

1 ( , )2 1;
2 16( )1

2 2

x y m

m
e d x ki F m y

k k y y y dm

a

ϕ t a t
t

−
  ∂ ∂

+ ⋅ − + − − ×  ∂ ∂     Γ Γ − +   
   

∫


( )2 2 2

,   2 ,  ;
2k m

d kk n m
y

t t

t
−


  × ≠ =   − 
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 as 2k n=
12 10

0 0 2

( , )( , ) 2( , ) ( , )
2 ( 1)! ( )

x n k
n
m

d y x yu x y eu x y i u x y y
x n dy

a
ϕa

− ∂   + − = + ∂ − 



                                                   
(22)

1
1 2 22

12 2 2
0

( , )

( 1)! 2( )

n kyx

n

d xy de y
n d y

a t ϕ ta a t tt
t t

−    + Ι − + −   −
∫



 
2 2

12
2 2

2 2 2 2
0

2 ( , ) ( , ) 2
( 1)! 2( ) ( )

x yn n

n n

y
e d x y d xi d

n y dy d y

a a t
ϕ a ϕ t t t

t t

−
 Ι −  ∂  + + − ∂ − 


∫
  .

Let us construct integral representations of the x k le y xa  – wave functions by means of real wave 
functions.

After some transformations we can write (4) in the following form:
  

( )
211 1 2 2 2 22 2

0 0 1
0 0

( ) ( , ) ( , ) ( ) ( , ) ;
2 16

l yx
l k kf z u x y i x y x y e x d u F y

aξ aυ ξ ξ ξ t t
− −− −  

= + = − − − × 
 

∫ ∫ 

( ) 12 2 2
k

y dt t
−

× − +
                                                                      

(23)

( ) ( ) ( )
212 2 2 2 2 202 2 2

0 0 1
0 0

( , ) ( , ) 1; .
2 2 16

l kyxi u ke x d u F y y d
k

aξ ξ t a aξ ξ ξ ξ t t t t
ξ

−   ∂
+ − − + − − −  ∂   

∫ ∫
 

In order that find the inversion formula of (23) we use (21), (10). We obtain:

2
0

0 0
( , ) 4( , ) ( , )

2 1 1
2 2 2 2

x
u x y eu x y i u x y

k k l lx m r

a

a∂ + − = × ∂          Γ Γ − + Γ Γ − +       
       

( )
( )

1
2 2 12

2 2
0 0 2 2 2

( , )

( ) ( )

r lky m xm k
m r l r

d ud d d dy
dy dxd d

x

ξ ξ t ξ ξt t t
t ξ

ξ

−
− −

−

 
   × − × 

 − 

∫ ∫


( )
2

2 2
0 1 1;

2 16
kF m y da t t

 
× − + − + 

                                                                     
(24)

( )
2

2 2
0 0 2 2 2

4 1 1 ( , )
( ) ( )1 1

2 2 2 2

x y m rx

m r l r

e d d d di
k k l l y y y x dxd dm r x

a

υ ξ t ξ ξ
t ξ

ξ

−

−

 
 ∂ ∂

+ ×  ∂ ∂          Γ Γ − + Γ Γ − + −                

∫ ∫

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( )
( )

2
2 2

0 1
2 2 2

1; ,
2 16 k m

k dF m y
y

a t tt
t

−


 

× − + −  
  − 

2 , 2 , ,
2 2
k lk n l r m r    ≠ ≠ = =        

;

( )
2

1 10
0 0 2 2

( , ) 4( , ) ( , ) ( , )
2 ( 1)!( 1)! ( ) ( )

x n p
k l

n p
u x y e d du x y i u x y y y x x u x y

x n p dy dx

a

a − − ∂ + − = +  ∂ − −   


( )
2 2

12
1 1

2 2 2 2
0

2 2( , )
( 1)!( 1)! ( ) ( )

x y n p
k l

n p

y
xye d d x u x d

n p dx dx y

a a t
a t t t t

t
− −

 Ι −    + + − − − 
∫ 

                                        (25)

2 2
12

2 2 2 2 2 2
0

4 ( , ) ( , ) 2 ,
( 1)!( 1)! 2( ) ( ) ( ) ( )

x yp n p

n p n p

y
e d d x y d d x yi d

n p y dy dx dx dx y

a a t
υ a υ t t

t

−
 Ι −     ∂  + +    − − ∂  −    


∫
 

( )2 , 2 , ,   are integer .k n l p n p= =

The formulas (23), (24) give possibility to reduce the boundary value problems in the class of the 
x k le y xa −  wave functions to the corresponding boundary value problems for the homogeneous wave 

equation. Let us consider some problems.

In the domain  { }( , ) : 0 ,0D x y x y= < < ∞ < < ∞  find the x k le y xa −  wave functions 
( ) ( , ) ( , ),f z u x y i x yυ= +   which satisfy the following conditions:

0
( , ) ( ),      0 ,

y
u x y x xϕ

=
= < < ∞

                                                         
(26)

0
( ) ( ),      0 ,

x
f z y y

=
= Φ < < ∞

                                                           
(27)

where the functions ( ), ( )x yϕ Φ  are the given continuously differentiable functions.

The solution of this problem we find using (23). For 0( , )u x y  we get next boundary conditions:

2 1

2
0 2 2 2

0 0

2 1

2

14 ( )2 , 2 , ,
2( )1 ( )2 2 2

( , ) ( )
14 ( )2 , 2 .

( )( 1)!
2

x

r lx

r l r

x

r l

n

k e dd d ll n r
k l l dx dr x

u x y x
k e d x x

x l n
k dxn

a

a

ξ ϕ ξ ξ ξ
ξπ ξ

ϕ

ϕ

π

−

−

−

 + Γ          ≠ =          Γ Γ Γ − + −           = = 
+  Γ        =

  Γ −   

∫

 (28)
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0( ,0) 0,        0 ;u x x
y

∂
= < < ∞

∂
                                                            

(29)

( ) ( )
1 2

2 2 2 2 2
0 12

0

2 1

0 0 2

14 ( )2 1; , 2 , ,
2 16 2( )1

2 2 2

1 14 2( )2 2(0, ) ( )
( )( 1)!

2

m k ky m

m

x

n k

n

k
dd k kF m y y d k n m

l k k dy dm

l le d y y
u y y y

l dyn

a

t t a t t t t
tπ

a

π

−
−

−

+ Γ   Φ        − + − − ≠ =           Γ Γ Γ − +     
     

+ +  Γ Γ   Φ   = Φ = +
 − Γ 
 

∫

1

2
0

2 2
1

2 2

( )
                                                           

( )( 1)!
2

2 ,        2 .

n ky

n

d
y

l dn

y
d k n

y

t t

tπ

a t
t t

t

−







 

    Φ     ×   − Γ   


  Ι −   × = −


∫

(30)

Using (28) - (30), d’Alembert formula, and formula (23) we obtain the unknown solution.

In the domain { }( , ) : 0 , 0D x y x q y= < < >  find the x k le y xa −  wave functions 
( ) ( , ) ( , ),f z u x y i x yυ= +    which satisfy the following conditions:

                                                  0
( , ) ( ),      0 ,

y
u x y x x qϕ

=
= < <

1 20
( ) ( ),    ( ) ( )  0 ,

x x q
f z y f z y y

= =
= Φ = Φ < < ∞                               (31)

where the functions 1 2( ), ( ), ( )x y yϕ Φ Φ  are the given continuously differentiable functions.

The solution of this problem we find using (23). For real wave function 0( , )u x y  we receive the 
following boundary conditions:

0 0

0

( ,0) ( )
( ,0) 0,             0 ;

u x x
u x x q

y

ϕ=

∂
= < <

∂                                                            
(32)

0 0
0 1 0 2(0, ) ( ),    ( , ) ( ),    0 .u y y u q y y y= Φ = Φ < < ∞

Using (30) we get 0
1 ( )yΦ  , 0

2 ( )yΦ  .

References
1. K. Picard, Sur une systeme d’equations aux derives partielles, C. R. Acad.  Sci. Paris. 112 (1891), 685 

- 688.

2. E. Beltrami, Sulle funzioni potenziali di sistemi simmetrici intorno ad un asse, Opere Mat. 3(1911), 
P.115 – 128, 349 – 377.

3. I. Vekua, Generalized Analytic Functions, Addison Wesley, Reading Mass, 1962.

Representación integral de las x k le x ya  – funciones de onda
Revista Tecnocientífica URU, Nº 6 Enero - Junio 2014 (19 - 29)



29

4. I. Vekua, New Methods for Solving Elliptic Equations, North Holland, Amsterdam, 1967.

5. G. Polozij – The Theory and Application of p – analytical and (p,q) - Analytical Functions, Naukova 
Dumka, Kyiv, 1973.

6. G. Manjavidze – N. Manjavidze, Boundary value problems for analytic and generalized analytic func-
tions, J. Math. Sci. 160 (2009), 745-782.

7. Kalla S.L., Virchenko N., Alexandrovich I, Inverse problems involving generalized axial-symmetric 
Helmholtz equation, Math. Balkanica. New Ser. 2b, Fasc. 1-2 (2012), 113-122.

8. F.W.J. Olver, D.W. Lozier, R.F. Boisvert, C.W. Clark, Nist Handbook of mathematical Functions, Cam-
bridge University Press, 2010.

9. I. Alexandrovich, M. Sydorov, Inversion of Volterra’ integral equations with Bessel function in the 
kernel. Sci. visti NTUU “KPI”, N4, 2011, 13-17.

Iryna Alexsandrovich y Nina Virchenko
Revista Tecnocientífica URU, Nº 6 Enero - Junio 2014 (19 - 29)


