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Resumen

El trabajo trata con una nueva generalizacion de funciones analiticas. Se deducen algunas representa-
. . VY . , . .,
ciones integrales de las e”*x"y" - funciones de onda (k,/, & —const,> 0) y sus formulas de inversion.
Como una aplicacion de la teoria se formulan dos problemas y se resuelven estos en forma cerrada.
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Integral representation of ¢“x‘y' —
wave functions

Abstract

The paper deals with a new generalization of analytical functions. Some integral representations
of e x* yl - wave functions (k,/, @ — const,> 0), their inversion formulas are derived. As an applica-
tion of the theory two problems are formulated and solved in the closed form.

Key words: Analytical functions, wave functions.

Introduction

The generalized analytical functions of complex variables appear as a natural and rational general-
ization of analytical functions.

Picard [1], Beltrami [2], Vekya [3,4], Polozi [5], Manjavidze [6], and others have obtained many
important results in the generalization of the theory of analytical functions of elliptic type and their ap-
plications. For example, Polozij [5] introduced the analytical functions, using the system:

pu,—qu,—v, =0,
qu, + pu, +v, =0, (D
where p and ¢ are the given real functions of x and y.
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Later on the p —analytical and (p,q) — analytical functions found number of applications in different
branches of the mathematics, mechanics etc... (axial symmetric theory of elasticity, in the theory of the
filtration, solution of the boundary value problems of the theory of rotating covers).

In this paper we study the p-wave functions f(z)=u+iv as the solutions of the following system
of the hyperbolic type:
pux = Uy 4
pu, =0, (2)

where p =e®x"y', (k,l,a are positive constants). Some integral representations of p-wave functions and
their inversion formulas are constructed.

ax __k
X

The p-wave functions describe the processes of mechanics, hydromechanics, the supersonic
stream of gas, are useful for solving of the boundary value problems of the mathematical physics etc...
Let us notice, that the p-wave functions with the characteristic p = x*)’ are connected with Euler — Pois-
son — Darboux equation with two degenerate lines.

ax k

Integral representations of the e“*x"y’ -wave functions

Let G be the domain in the first quarter of the plane z = x + iy, bounded by the segments /, and /,
of the real and imaginary axis, respectively, and some curves which are monotone with respect to x and
y. The rectilinear segments which are drowned from arbitrary point of the domain orthogonally to axis x
and y, belong to the domain G.

Now we state and prove the following theorems related to integral representations of the p-wave
functions.

Theorem 1. If ¢(z) = @, (x,)+i@,(x,y)is the e**y* -wave function [7] in the domain G and

B,(x.p), =0, 3)
then the function
Z r 1= 2 Ny
[ =ii(x,y)+i5(x,y) = [[ §(E0)x +iG,(£,0)E ] (x* =& ) dé (4)
0
will be e** yk xl -wave function (k,/,a are positive constants) in G, continuous to segment /, and satisfies

the condition
o(x, y)|lz =0. (5)

Proof. According to the conditions of the theorem the functions @, (x, y) and @, (x, y) satisfy to
next system

ox Oy

B

(6)

dy  Ox
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Let us show that for the function (4) the following relations are valid:

ou 813
ax kxl

ox ay 7
ax k1 O o 81)
6y o
In reality:
1 5 L
= [@, Gt )1 =172 dr,
0
1 L
~x=ﬁj (xt,)x't(1—-1%)? dt.
oxy
Then we have:
1
VAT, B, = [[ €V NG, (3, y) ~ X'y, (x1,7) | %
0
1_1 1 171
x(l—12)2 dt —1[x" Gy (xt, p)t(1-17)2 dt.
0
Taking into account condition ¢, (x, y)|X:O =0, we get:
ki~ 1 k 2!
ey, =0, = [[ €7V Gy, (x1.9) = Gy (et ) (1= ) ®)
0

Keeping in mind (6) we proved the second relation from (7). The validity of the first relation from
(7) is proving analogously.

The validity of the condition (5) follows from the relation:

1 1 !

6060 = [EpE (¥ - ) dé = [¥ (et (1= ) d. ©

Theorem 2. If f(z) =1i(x,y)+i0(x,y) is the e**y*x! - wave function with (5) in the domain G,
then the function

o(z)=¢, (x, y) +iQ, (x, y) will be the ¢**y* - wave function and have the following form:
P(z) =, (xay) +iQ, (x:y)
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2 axd"[ Mg e

r{3)r(m=3 B (oo

xdm~
P(2) =@ (x,»)+ip, (x,y) = L] df 0(25’13’) §d§1 , Z¢2n,m=[i}
xdxy (d&E7) (xz_gz)a—m

2 dn 1~ ‘dnl’}(x,y) ~
(I’l—l)!{x(dxz)n I:xl lu(xay)j|+lw}, 1—27’1,

(10)

and the condition (3) is valid.

Proof. According to (4) ¢, (x, y) and @, (x, y) are the solutions of the following equations, respec-
tively:

i) =3 [ (¥ - &) de, (1)
500 = [puEnE(x - &) de. (12)

The equations (11), (12) are integral equations Abel’ type. The solutions of these equations give
(10).

Let us show that the function ¢(z) =@, (x, y) + i, (x, y) are the e™” yk - wave function.

Let us introduce the next designations:

h(x,y) =€y ¢, — @,

M(5,0)= "Y', = ., (9
L(x,y)=ey* ¥~ 0,
M(x,y)= e‘”ykxlﬁy -0D,.
Then we can rewrite (1) in the following form:
WG = x| W& ey e (14)
0 4
L.y = [hEpe(x* - &). dé. (15)
0

The solutions of (14) and (15) have the following kind:
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xd"| ETM(E,
T M
° _t X0 d i
M(x,y)= F(er(m 2+lj (%) CE
2x dn[xl_lM(xay)] =
(n=1! (@) T
(16)
xd"| L
7 2 ; ldi'[ [ (f’my)J §d§l , l¢2n,m=[é},
* b X dx d ——m
h(x,y)z F(ij(m 2+1J 0 ( 5) (xz_éﬂ)z
2x d"L(x,y) =2
(n=1! (dx*)" "’ '
(17)
Because L(x,y)=0, M (x,y) =0, then, respectively, L(x,y)=0, M(x,y)=0, consequently, @(z)

ax _ k

is the e”*y" — wave function. Let us show, that

(bz(xay)Lz =0.

i) Let/=2n. Using (10) we have:

d" . T
T i) |= (DY A e,
- 1 dm [1ad(x, y)}
¢2(x,y)_(n_1)!(dx2)n—l |:x ax *

Since @ (x, y)+i5(x, y) is e**y*x' — wave function, then we can rewrite the last relation in the

form:
. 1 A" | e ki 0i |
¢2(x’y)_(n—1)!(dx2)"‘{e .

_ eaxyk a d}'l*l [xl_]ﬁ:'
(n=1)!0y (dx*)""

or:
~ ax T a D bl
qoz(x,y) —e ykj' ¢1(§ y) ’f,
0 oy
from here

P, (%, )|, =0-
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ii) Let/# 2n. From (11) we get:
dm—l i~ X l l ) ) 17’”
(de)m—l [X u(x,y)] J. gy)(__lj(g_:zj(g—m-i-lj(x —é )2 dé
0

According to (10) we have:

P, (x,y)= ; 2 ; lj Xdrnﬁ(f’,f) cd¢ — l¢2n,m={ﬂ.
e s

2

Let us consider

d"o,y) _ d"* {1 80} dam {1 agyykgu}:
(dgz)’" @208 ] (d&H)" 28 ’

1 e 0] 4D 1ykeaf(i_lj(i_zj...(i-m+1jx
277 | (ag) | 2 2 )2 2

58@(2—,);) 2 2 é""
—_ - dr.
XZ[ o (:f T ) T

Now we transform ¢, (x, y )

(

A s
(p(xy 2 J‘ e™& 51 J‘ ¢1(TaY)(§2_T2)5 " T
( j (m_lJrl) xdxy e 5 oy mo O

2 2 (+*=¢%)

Letting 7=¢t,& =xn we get:

S S Y

R UIED

- ; 1 3 1
XjM(l e )E"” di + ij‘aeam]nl—2m+3 (1 i )m‘g dn.l[ 0P, (gnt,y) (1 _p )E—m dt} .
0 Y 0 0 y

EIEIED
5 5 ) 2[Jl'exaq771—2m+3(1_772)’" 14 J-( la(ﬂz(xﬂt J/)

y oy
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2~ L.
LIt y) qoz(x?t’y)}e“”‘”’t(l—tzy dtJ.
oy

Hence, ¢, (x, y)|X:0 =0. The proof of the theorem is complete.

Definition. The function u,(x, y) will be called the real wave function in the domain G, if u, € C*(G)
and holds the equation:

2 2
%Ltzo_fzyuzozo (18)
X

Let us remark the following connection between e**y* — wave functions and the wave function
[3].
If u,(x,y) is an arbitrary real wave function in G with the condition

Q| (19)
a 2
1,0

then the integral representation of e**y* — wave functions has the next form:
- - - — - ko
9(2)=9(x,y)+i¢,(x,y)=y""e 2 Iuo(x (=7 oF [5;—E(y2 —fz)jdﬂ

k

e P ot e -

where | F(v;z) is the partial case of the generalized hypergeometric function [8]

n

oF(v;z)= F(V)Z(:)F( - )n'

The solution of the equation (20) with respect to u,(x,y) has the following form [9]:

uo(x,y>+z[M 2 o, y)} 27 x @1)

o2 r(kJr(m—kﬂj
2 2

iydm[z'kl(fh(xﬁ)}oF( k L ?62 (yz _72)](),2 _Tz)m_l;rdr-i-

X
dyy  (do*)" 2
_%x y gm = 2
+i-2 c 9J1e jd %gx’T)OFl m—ﬁ+l;—a—(y2—72) X
yoy, (d)" 2 16

o)

XTd—T , k#2n, m:[g}
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as k=2n

_ Ze%x dn [yk_l(51n(x>y)] (22)
-0 @y

.| Ouy(x, a
uo(x,y>+z[—°( Y & xy)
ox 2

+

Zx rd"| gy (x,7)
o2y [ 1 ]Tl[a yz_TzJ rdr

(n-Dly (@) 2 Vo

a
—x
2

| ¢ y2 —7?

. 2e 0 1d"¢y(x,y)  atd"P,(x,7) '\ 2 .

+i N +—J. N rdt
(n=Dtoy [ (™)' 2y @) )27

Let us construct integral representations of the e~ ykxl — wave functions by means of real wave

functions.
After some transformations we can write (4) in the following form:
2

B x 05 Loy
F@) =iitx ) +iotey) =2y e 2 (- 8)2 dg] uo(f,r)oﬂ(g;—%(yz —rz)}
0 0

(32 _Tz)i‘l dr+ (23)

k

xoat Ly o ou (&, k ’ 3
A ot sl iAo

In order that find the inversion formula of (23) we use (21), (10). We obtain:

[24

Ouy(x,y)  «o d4e?

u (x,y)+i[ —u (x,y)}: X
0 o2 F(kjr(m—l;+lJF(ljF(r—;+lj

2 2

d Loan /Hixdr[glilﬁ(é’r)] cdg

dvy @y " 4 @sy (v 52);"

X

koo o (24)
xoF m—5+1,g(y -7 ) dr +

4e 2 o {1 0% d" | 1diddEr)  Edé

ﬂr("Jr(m_kﬂjr[ljr(r_l+1j5 Yoo (dr))"| xdxy (A& (v gz)gr
2 2 2 2
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yz_Tz)?’”
[
(k;t2nl;t2rm { } {ED
| Ouy(x,y) « 3 462 NEp
”o(xay)"'{oT—E%(an)}— (I“l—l)'(p—l)' (dy )n |:y x(d )p ( ay))}

a a [ >
+ 2axy€2 T < { S (xl‘lzl(x r))}ll(z * jrdr+
(n=DUp=Dlg (@) (dx*)’ ’ N 25)

dt ¢,

a a [ > 2
4e 2 g{ d (dpﬁ(x,y)j+gy a4 (dpﬁ(x,y)jll(2 Y _Tj

+ 2 2 2 2
(n=Dip=Dloy [(dy)"{ (dx*)” 25(dx?)" (dx7)” N

(k=2n,1=2p,n,p are integer).

The formulas (23), (24) give possibility to reduce the boundary value problems in the class of the
e y¥x' — wave functions to the corresponding boundary value problems for the homogeneous wave
equation. Let us consider some problems.

_~ In the domain D= {(x, ¥):0<x<0,0<y< oo} find the e*y*x'— wave functions
f(z)=1u(x,y)+i0(x,y), which satisfy the following conditions:

a(x,y)| _,=e(x), 0<x<ow, (26)
f@)|  =@@), 0<y<e, (27)

where the functions @(x),D(y) are the given continuously differentiable functions.

The solution of this problem we find using (23). For u,(x,y) we get next boundary conditions:

41“(](“) % -1
2 ) iid’[ﬁ‘co(tf)] EdE 1¢2nr=[1}
Co R s

k+1
4F( 5 je2 xdr[xl—l(p(x)] L
ﬁr@m—l)! @y

o (X, ) = @ (x) =

(28)
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Ouy(x,0)
oy

4F(k+1j g
vd" | T 0(r) 2 Lk
2 d.[ |: — :|0Fi m—k+1;a_(y2_72) (yz_TZ) 2Td1',k¢2n,m:|:£:|,
2 2 2

[+1) & 1+1
4F(2je 2 dn|:yk—lq)(y)i| ZaF(zj ydn|:z_k—1q)(z_)]
nY VI Y X
(n_w;r[zj (@) (n—l)!\/;F[zj L @)

a
11(2 y2—’[2)

X———xu——27d7, k=2n
y -7

0, 0<x<oo; (29)

uy(0,y)=@y(y) =

(30)

Using (28) - (30), d’ Alembert formula, and formula (23) we obtain the unknown solution.
_ In the domain D= {(x, y):0<x<q,y> 0} find the e*y*x'— wave functions
f(z)=1d(x,y)+iD(x,y), which satisfy the following conditions:
a(x,p)| ,=e(x), 0<x<gq,

F@|,=20). J@)|_ =0,0) 0<y<e, 31

where the functions ¢(x),®,(y),P,(y) are the given continuously differentiable functions.
The solution of this problem we find using (23). For real wave function u#,(x,y) we receive the
following boundary conditions:
U (x,0)= (/70(x)
Ouy(x,0)

0, 0<x<gq; (32)
oy

1y (0,) =@} (), up(9,9)=P3(»), 0<y<on.
Using (30) we get CD?(y) , CDg(y) .
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